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Abstract 
Simulating unsteady flow phenomena involving moving boundaries is a challenging task, one key requirement of which is a 
reliable and fast algorithm to deform the computational mesh. Radial basis functions (RBFs) interpolation is a very simple and 
robust method to deform the mesh. However, the number of operations and the requirement of memory storage will be increased 
rapidly as the number of grid nodes increases, which limits the application of RBFs to three-dimensional (3D) moving mesh. 
Moving submesh approach (MSA) is an efficient method, but its robustness depends on the method used to deform the back-
ground mesh. A hybrid method which combines the benefits of MSA and RBFs interpolation, which is called RBFs-MSA, has 
been presented. This hybrid method is proved to be robust and efficient via several numerical examples. From the aspect of the 
quality of deforming meshes, this hybrid method is comparable with the RBFs interpolation; from the aspect of computing effi-
ciency, one test case shows that RBFs-MSA is about two orders of magnitude faster than RBFs interpolation. For these benefits 
of RBFs-MSA, the new method is suitable for unsteady flow simulation which refers to boundaries movement. 
Keywords: moving mesh; mesh deforming; radial basis functions interpolation; moving submesh approach; CFD 
1. Introduction1 
There are a lot of unsteady flow phenomena involv-
ing moving boundaries, such as free-surfaces, forced- 
motion flows and fluid-structure interaction (FSI). Due 
to their complexity, it is a good choice to study them by 
numerical method. However, simulating such unsteady 
flow problem accurately and efficiently is still a chal-
lenging task. One of the difficulties is how to deal with 
the computational mesh. One natural idea is to regen-
erate the mesh at every time step, but mesh generation 
is not a trivial work, and it is very time-consuming for 
complex geometry especially for three-dimensional 
(3D) problem. The other approach is using moving 
mesh technology. The fundamental conservation laws 
are formulated in so-called arbitrary Lagrangian-Eule- 
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rian form, and the domain boundary and interior grid 
points are allowed to move arbitrarily in time. However, 
the mesh quality may deteriorate and the mesh may 
even become invalid in the process of mesh deforma-
tion. As a result, the mesh has to be remeshed. After 
the mesh is regenerated, the solution at the new mesh is 
required to be mapped with an interpolation step. The 
interpolation step can introduce additional errors and 
decrease the accuracy of the flow solver. Hence, it is 
necessary to use more robust moving mesh approach to 
reduce the remeshing times. On the other hand, the 
computing efficiency is also a key factor of moving 
mesh method for large scale problem. However, it is 
difficult to satisfy the robustness and efficiency for one 
method simultaneously.  
For structured grid, there are efficient techniques to 
deform the mesh such as transfinite interpolate tech-
nology. But for engineering application, the boundary 
geometry is usually very complex, so the generation of 
structured grid is a tedious work. Due to the great 
flexibility of unstructured mesh, it is widely adopted 
for the meshing of complex domains. There are mainly Open access under CC BY-NC-ND license.
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three types of methods which have been proposed to 
deform the unstructured mesh. The first type is pseu-
do-material method which includes spring analogy and 
elastic solid analogy. Batina [1] presented the spring 
analogy first; Farhat, et al. proposed torsional spring 
method in 2D case [2] and 3D case [3] respectively; 
Blom [4] proposed the semi-torsional spring approach 
and boundary correction; Zeng and Ethier [5] improved 
the semi-torsional spring method; Acikgoz and Botasso, 
et al. [6-7] proposed ball-vertex spring analogy. However, 
spring analogy might suffer from the problem of ro-
bustness for large displacements and refined grid such 
as viscous grids. Johnson and Tezduyar [8] proposed the 
elastic solid analogy. It is more robust than spring 
analogy, but the computational cost is largely increased, 
which limits its application. The second type is the 
partial differential equation (PDE) method. Mesh can 
also deform by solving PDEs, such as Laplacian equa-
tions or biharmonic equations [9], but the computational 
cost would also be expensive. The third type is inter-
polation method. Liu, et al. [10] proposed one moving 
mesh method based on Delaunay graph interpolation. It 
is a very efficient approach and mesh topology-inde- 
pendent as well. However, intersections occur occa-
sionally between the background graph elements for 
complex geometries with large relative movements [11]. 
Under this condition, the Delaunay graph has to be 
regenerated and the grid nodes are required to be relo-
cated, which increase the time consumption. Lefrançois 
presented moving submesh approach(MSA) [12], which 
is a natural extension to the method in Ref. [10]. The 
main difference between the two methods is the back-
ground meshes selected. Unlike the method based on 
Delaunay graph, the background mesh of MSA con-
tains the interior nodes, and the mesh can be adjusted 
for different computational domains, which guarantees 
the background mesh to possess better quality than 
Delaunay graph. Zhou, et al. [13] moved the background 
mesh with a modified spring analogy method. Radial 
basis functions (RBFs) interpolation has become a well 
established tool to interpolate the scattered data [14], 
and it can also be used to interpolate the positions of 
the moving grid points [15-16]. The only required ge-
ometry property is the pairwise distance between 
points, therefore no grid-connectivity information is 
needed for RBFs, which means the method is mesh 
topology independent and the implementation is simple. 
The method is required to solve a linear system equa-
tion, the size of which depends on the number of grid 
nodes of boundary. If the number of boundary nodes is 
large, the computation will be very time-con- suming. 
To circumvent this difficulty, Rendall and Allen [17-18] 
proposed data reduction algorithms to reduce the sur-
face points used for RBFs interpolation. It is an effi-
cient remedy, but an error tolerance in boundary dis-
placement has been introduced. 
The RBFs interpolation method is simple and robust 
for mesh deformation, but its cost is high for the prob-
lem with large number of grid points. For MSA, only 
the background mesh needs to be deformed, so the 
computing cost is small because the background mesh 
is much coarser than computational mesh. The robust-
ness of MSA mainly depends on the deformation abil-
ity of background mesh. If trying to combine the ad-
vantages of RBFs interpolation and MSA, the resulting 
method will be anticipated to be both robust and effi-
cient. Following this idea, we propose a hybrid method 
for mesh deformation. In the following section, the 
method of RBFs interpolation is briefly introduced. In 
Section 3, the hybrid algorithm is proposed. In Section 
4, some mesh quality metrics used in this paper to 
measure the mesh quality have been introduced. Sev-
eral test cases have been examined to show the robust-
ness and efficiency of the hybrid method in Section 5, 
and finally, the main conclusions are achieved in Sec-
tion 6. 
2. RBFs Interpolation  
We can derive the displacement of inner mesh nodes 
given the displacement of boundary points by RBFs 
interpolation [15]. The interpolation function, s, which 
describes the displacement of the whole computational 
domain, can be assumed to be a linear combination of a 
set of radial functions: 
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where si is the displacement of the i direction, xj=[ x1,j  
x2,j  x3,j] the coordination of boundary point j, the 
value of which is known and can be called the centers 
of RBFs interpolation, n the number of boundary 
points and a given RBF with respect to the Euclidean 
norm ||·||, pi a polynomial, and it can be often chosen as 
linear function: 
 0 1 1 2 2 3 3( )i i i i ip x x x
 
 
 
   x  (2) 
The coefficient ji and the polynomial coefficient mi 
(m = 0, 1, 2, 3) can be determined by satisfying the 
interpolation condition: 
 ( )j js x d  (3) 
with dj containing the discrete known value of the dis-
placement at the boundary.  
There are 3(n+4) unknowns, but only 3n equations. 
So, 12 equations need to be added. The additional equ-
ations are as follows: 
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The values for the coefficients  and  can be ob-
tained by solving the system equation: 
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with  a 4×3 matrix containing the coefficients of the 
linear polynomials,  a n×3 matrix containing the coef-
ficients of radial function, Mb a n×n matrix containing 
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the evaluation of the radial function (|| ||)ij i j  x x , 
and Pb a n×4 matrix with row j given by [1  x1,j   x2,j  
x3,j]. 
de Bohr, et al. [15] studied the effects of different 
RBFs on mesh deformation, and they found that the 
Wendland function has the best robustness and accu-
racy with the highest efficiency for certain boundaries 
and motions, closely followed by thin plate spline 
(TPS). Because the Wendland function is a compact 
support function, the radius of support is difficult to 
optimize. TPS is a global function, therefore no pa-
rameter is needed. We use TPS as radial basis function 
in this paper. The TPS function is given as follows: 
 2( ) lgx x x   (6) 
3. RBFs-MSA Hybrid Algorithm 
To make use of the advantages of RBFs interpolation 
and MSA, we propose the RBFs-MSA hybrid algo-
rithm as follows: 
Generate the background mesh. The element of the 
background mesh is triangle in 2D case and tetrahe-
dron in 3D case. The number of boundary nodes and 
inner nodes of background mesh is much less than 
computational mesh. Figure 1 gives an example of 
computational mesh and background mesh. 
2) Locate the computational mesh nodes on the 
 
Fig. 1  An example of computational mesh and background 
mesh. 
background mesh element and store the point-element 
linking information. Compute and store the relative 
area or volume ratio coefficients of the background 
element for each computational mesh node. 
3) Compute the displacement of moving boundaries 
and update the coordinates of the boundary points. 
4) Solve Eq. (5) to obtain the coefficients for RBFs 
interpolation, then compute the displacement of inner 
mesh nodes of background mesh by Eq. (1), and up-
date the coordinates. 
5) Update the coordinates of computation mesh 
points by interpolation equation using the relative area 
or volume ratio coefficients stored at Step 2). 
6) Repeat Step 3)-Step 5) until the end of computa-
tion. 
Next, the method for computing the relative area or 
volume ratio coefficients is given [10]. Figure 2 illus-
trates the construction of the coefficients of a node in a 
triangle element for 2D case and in a tetrahedron for 
3D case. For 2D case, node P is inside the triangle 
ABC, and the relative area ratio coefficients e1, e2, e3 
are calculated by 
 ( 1,2,3)ii
S
e i
S
   (7) 
where S is the area of ABC, and S1, S2, S3 are the areas 
of ƸPBC, ƸPCA and ƸPAB, respectively. 
 
Fig. 2  Coefficients construction of the node. 
Similarly, for 3D case, the relative volume ratio co-
efficients e1, e2, e3, e4 of node P in tetrahedron ABCD 
are calculated by 
 ( 1, 2,3, 4)ii
V
e i
V
   (8) 
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where V is the volume of tetrahedron ABCD, and V1, 
V2, V3, V4 are the volumes of tetrahedron PBCD, PCDA, 
PDAB and PABC, respectively. 
The relative area or volume ratio coefficients of a 
computational mesh node P in one background element 
in which it locates are unchanged during the process of 
mesh deformation. The coordinates of P can be calcu-
lated by the following equations: 
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 (9) 
where (xP, yP, zP) and (xi, yi, zi) are the coordinates of 
point P and nodal point i of the corresponding back-
ground element respectively. 
The scale and the distribution of background mesh 
are two crucial factors for the efficiency and robustness 
of the RBFs-MSA hybrid algorithm. The computation 
consumption for mesh deformation mainly depends on 
the scale of the background mesh. However, if the 
scale of background mesh is too small, the mesh qual-
ity of background mesh will be poor; as a result, the 
ability of the deformation of background mesh will be 
not very good, finally the robustness of the whole hy-
brid method will be affected. The scale and the distri-
bution of background mesh are problem dependent, 
and largely relied on the experience of the user. It is 
difficult to give a relationship between the scale of 
background mesh and the efficiency of this hybrid 
method.  
4. Mesh Quality Metrics  
To be able to compare the mesh quality after the de-
formation of mesh, Knupp’s mesh quality metrics have 
been introduced [19]. Knupp’s metrics are defined by an 
algebraic framework which is based upon the mesh 
Jacobian matrices. The mesh metrics contain the in-
formation about element size, shape and skew.    
The relative size metric fsize measures the change in 
element size, and fsizeę[0,1]. If fsize = 1, then the area 
or volume of element is the same as the initial element; 
if fsize = 0, it means that the element’s area or volume is 
0, and the element is degenerate. 
The shape metric fshape compares an element with its 
ideal element correspondingly. For example, the shape 
metric of a triangle element is 1 if and only if the trian-
gle is equilateral and 0 if and only if the triangle is de-
generate.  
The skew metric detects distortions based on angles 
within the element. For example, a quadrilateral ele-
ment has a rectangular reference element and fskew is 1 
if and only if the quadrilateral is a rectangle and 0 if 
and only if the quadrilateral is degenerate. So, the skew 
metric is a measure of orthogonality for quadrilateral 
element. Only quadrilateral and hexahedral elements 
have defined this metric.  
We can also use the product of the above metrics to 
construct the combined metrics. Because the individual 
metric varies from 0 and 1, the combined metrics also 
range from 0 to 1. The product of the size and shape 
metrics, as well as the size and skew metrics are used 
in this paper. We think the variations of shape metric 
and skew metric are more important than size metric, 
so the combined metrics can be presented as  
 size-shape size shapef f f  (10) 
 size-skew size skewf f f  (11) 
5. Numerical Tests 
Several mesh deformation problems have been 
solved to demonstrate the robustness and efficiency of 
RBFs-MSA hybrid method. The linear system equation 
is solved directly by lower-upper (LU) factorization 
method. All the CPU times are obtained on a single 2.4 
GHz Intel processor running the Windows XP operat-
ing system. 
5.1. Rectangular block rotation 
The first test case is the rotation of a rectangular 
block. The nodes on the surface of the block move with 
the block, while the nodes on the outer boundary are 
fixed. The block has a dimension of 10D×1D, with D 
being the thickness of the block, and is initially located 
in the center of a domain which has a dimension of 
30D×30D. The initial computational mesh and back-
ground mesh are given in Fig. 1. The computational 
mesh has 12 458 triangle elements, 310 boundary 
nodes and 6 074 inner nodes; the background mesh has 
466 triangle elements, 62 boundary points and 202 
inner nodes. The block is rotated 90° around its center. 
The mesh deformation is performed in nine steps, and 
the block is rotated 10° every step. 
Figure 3(a) gives the local final deformation mesh 
redistributed by using the RBFs-MSA. For the purpose 
of comparison, the mesh deformation based on RBFs 
interpolation and semi-torsional spring is also given by 
Fig. 3(b) and Fig. 3(c) respectively. Using the method 
of RBFs-MSA and RBFs interpolation, the computa-
tional mesh is still valid even the rectangular block is 
rotated 90°; however, if the semi-torsional spring is 
adopted, the computational mesh becomes invalid after 
the rotational angle is larger than 50°. Figure 4 presents 
the curves of the minimum value of fsize-shape versus 
rotation angle . The minimum value of fsize-shape ob-
tained by RBFs-MSA is less than RBFs interpolation at 
large rotation angle, but the difference at the 90° rota-
tion angle is still small, for the minimum values of 
RBFs-MSA and RBFs interpolation are 0.15 and 0.20 
respectively. The mesh metrics of semi-torsional spring 
deteriorate rapidly, and the minimum value of fsize-shape 
is only 0.05 with the rotation angle at 50°. 
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Fig. 3  Final computational mesh. 
 
Fig. 4  The minimum value of fsize-shape as a function of rota-
tion angle . 
5.2. Double flapping wings 
Both of the flapping wings are NACA0012 airfoil, 
and the minimum horizontal distance between the two 
wings is 1.0c, and c is chord length. The double wings 
flap up and down, and the flapping displacements of 
the right and left wing are 
 r 0( ) sin(2 / )h M h M N  (12) 
 0( ) sin(2 / )lh M h M N    (13) 
where the flapping magnitude h0 is 0.8c, M the generic 
time step, and N = 16 the number of time step per cy-
cle. The phase angle  is , which means that the left 
wing and the right wing have the maximum relative 
movement.  
The initial computational and background meshes of 
double flapping wings are given in Fig. 5. The compu-
tational mesh has 52 000 quadrilateral elements, 8 332 
triangle elements, 740 boundary nodes and 55 795 in-
ner nodes. The quadrilateral elements comprise the 
viscous mesh. The background mesh has 1 142 triangle 
elements, 128 boundary nodes and 506 inner nodes. 
Figure 6 shows two mesh configurations at the largest 
relative displacement of the double wings in one flap-
ping cycle (here global and local mesh near wings are 
both displayed). Quality measures of mesh are exam-
ined in the following figures. The results obtained by 
RBFs interpolation are also given for comparison.  
Figure 7 shows the minimum and average value of 
fsize-skew. We can notice that both methods are able to 
maintain good mesh quality from the minimum and 
average value curves. The average value of fsize-skew is 
larger than 0.68, which means the quadrilateral ele-
ments maintain good orthogonality. It is important for 
resolving the boundary layer flow.  
 
Fig. 5  Initial computational mesh and background mesh of 
double flapping wings. 
In order to compare the computing efficiency of 
RBFs-MSA hybrid method and RBFs interpolation,  
Fig. 8 displays the curves of CPU time versus time step 
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Fig. 6  Mesh configurations at the largest relative displace-
ment of double wings. 
M . The coordinate axes are both log scaled. It can be 
clearly shown that the CPU time cost of RBFs interpo-
lation is about 2 orders of magnitude higher than 
RBFs-MSA. Table 1 shows the average CPU time per 
time step and the speed-up ratio of RBFs-MSA over 
RBFs interpolation.  
This test case indicates that the RBFs-MSA hybrid 
method is as robust as RBFs interpolation, but much 
more efficient. 
 
Fig. 7  Comparison of mesh quality between RBFs-MSA 
and RBFs interpolation. 
 
Fig. 8  Comparison of CPU time between RBFs-MSA and 
RBFs interpolation. 
Table 1  Comparison of CPU time cost and the speed-up 
ratio per time step between RBFs-MSA and 
RBFs interpolation  
Method CPU time/s Speed-up ratio 
RBFs 6.076 1.00 
RBFs-MSA 0.039 155 
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5.3. 3D bending wing 
A 3D test case is constructed by artificially bending 
the ONERA M6 wing. A periodic vertical movement is 
prescribed at the wing tip, and the motion can be for-
mulated as follows: 
 tip 0 sin(2 / )h h M N  (14) 
where htip is the displacement of wing tip. The wing 
root is fixed, and a quadratic variation of the bending 
motion is prescribed between the wing tip and root. As 
a result, the vertical displacement of any node on the 
wing surface can be described as follows: 
 2tip tip( ) ( / )h z z z h  (15) 
where z and ztip are the distance from the node on the 
wing surface and wing tip to the symmetric plane at 
wing root. 
The computational mesh has 277 845 elements,   
10 419 boundary nodes and 40 984 inner nodes; while 
the background mesh has 12 251 elements, 938 bound-
ary nodes and 1 735 inner nodes. The number of 
boundary nodes is so large that huge memory storage is 
required to store the coefficients matrix in Eq. (5) if 
using RBFs interpolation; therefore it is unpractical to 
use this method for mesh deformation in this case. 
While the number of boundary nodes of background 
mesh is only about 7 of the computational mesh, and 
the memory storage is about 0.5 of the computa-
tional mesh, it has no storage problem for RBFs-MSA 
in this case.  
First, the large bending deformation wing is tested, 
and the bending magnitude h0 is 1.0c. The mesh con-
figurations at the positive and negative maximum dis-
placements are shown in Fig. 9. The average and 
minimum values of fsize-shape are illustrated in Fig. 10. 
The mesh maintains good quality even in the largest 
displacement. Next, a smaller bending displacement 
case is considered, and h0 is 0.4c. For the purpose of 
comparison, semi-torsional spring analogy with 
boundary correction [4] is also used here. The resulting 
spring balance system equation is solved by Jacobi 
iteration and the convergence tolerance is set as 105. 
Figure11 shows the minimum value curves of fsize-shape 
obtained by RBFs-MSA and semi-torsional spring 
 
 
Fig. 9  Mesh configurations at the largest bending dis-
placement. 
 
Fig. 10  Average and minimum values of fsize-shape as a func-
tion of time step M. 
 
Fig. 11  Comparison of minimum values of fsize-shape as a 
function of time step M between RBFs-MSA and 
semi-torsional spring. 
analogy. It indicates clearly that the RBFs-MSA main-
tains better mesh quality than semi-torsional spring, 
because the minimum of the curve of RBFs-MSA is 
larger than 0.38, while the minimum of the curve ob-
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tained by spring analogy is less than 0.1. A rapid dete-
rioration of mesh quality for the semi-torsional spring 
is detected after 500 time step, eventually leading to 
the failure of deformation; however, the mesh quality 
for the RBFs-MSA is always stable. The average value 
of CPU time cost per time step is displayed on Table 2. 
The CPU time cost of semi-torsional spring analogy is 
about six times cost of RBFs-MSA. 
Table 2  Comparison of CPU time cost and the speed-up 
ratio per time step between RBFs-MSA and 
semi-torsional spring 
Method CPU time/s Speed-up ratio 
RBFs-MSA 3.34 6.35 
Semi-torsional spring 21.23 1.00 
6. Conclusions  
The proposed RBFs-MSA hybrid algorithm is a ro-
bust, efficient and simple mesh deformation procedure.  
Through the test cases, it indicates that this new me-
thod can deal with the mesh deformation when the 
boundaries undergo large rotation, large displacement 
and large deformation. In one test case of this paper, 
the new method is as robust as RBFs interpolation 
method, but faster about two orders of magnitude. In 
another test case the new method is much robust than 
semi-torsional spring analogy, but the CPU time cost is 
only 1/6 of the cost of spring analogy. The new method 
is a point-by-point method, thus no extra data structure 
need to be generated. The generation of background 
mesh is the same as the computational mesh; therefore 
no other special mesh generation method is required. 
Due to its robustness and efficiency, the new method is 
suitable for simulating unsteady flow which refers to 
movement of boundaries. 
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